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ROTORDYNAMIC COEFFICIENTS FOR STEPPED
LABYRINTH GAS SEALS

Joseph K. Scharrer
Rockwel | International, Rocketdyne Div.
Canoga Park, California 91304, U.S.A.

The basic equations are derived for compressible flow in a stepped labyrinth gas seal.
The flow is assumed to be completely turbulent in the circumferential direction where
the friction factor is determined by the Blasius relation. Linearized zeroth and first-order
perturbation equations are developed for small motion about a centered position by an
expansion in the eccentricity ratio. The zeroth-order pressure distribution is found by
satisfying the leakage equation while the circumferential velocity distribution is determined
by satisfying the momentum equations. The first order equations are solved by a separation
of variables solution. Integration of the resultant pressure distribution along and around
the seal defines the reaction force developed by the seal and the corresponding dynamic
coefficients.

The results of this analysis are presented in the form of a parametric study, since there
are no known experimental data for the rotordynamic coefficients of stepped labyrinth gas
seals. The parametric study investigates the relative rotordynamic stability of convergent,
straight and divergent stepped labyrinth gas seals. The results show that, generally, the
divergent seal is more stable, rotordynamically, than the straight or convergent seals. The
results also show that the teeth-on-stator seals are not always more stable, rotordynam-
ically, than the teeth-on-rotor seals as was shown by experiment by Childs and Scharrer
(1986b) for a 15 tooth seal.

INTRODUCTION

The problem of self excited vibration in turbomachinery due to labyrinth seals has led to the
development of many analyses for the straight-through type of labyrinth seal, e.g. Childs
and Scharrer (1986a), Iwatsubo (1980), Jenny et al. (1984) and Scharrer (1987). There
has also been an extensive amount of experimental data collected for the rotordynamic
coefficients of straight-through labyrinth seals, e.g. Childs and Scharrer (1986b), Leong
(1983), Scharrer (1987) and Wachter and Benckert (1980). The stepped labyrinth seal is
as prevalent in turbomachinery as the straight-through labyrinth seal; however, there has
been very little or no experimental or analytical work done to quantify the rotordynamic
characteristics of this type of seal. This paper presents an analysis of the stepped labyrinth
seal which is a derivative of the straight-through analysis of Childs and Scharrer (1986a).
The results of this analysis will be presented in the form of a parametric study, since there
are no known experimental data.
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PROCEDURE

The analysis presented here is developed for the stepped type of labyrinth seal shown
in figure 1. The continuity and momentum equations will be derived for a single cavity
control volume as shown in figures 2,3,4 and 5. A leakage model will be employed to
account for the axial leakage. The governing equations will be linearized using perturbation
analysis for small motion about a centered position. The zeroth-order continuity and
momentum equations will be solved to determine the steady state pressure and velocity
for each cavity. The first-order continuity and momentum equations will be reduced to
linearly independent, algebraic equations by assuming an elliptical orbit for the shaft
and a corresponding harmonic response for the pressure and velocity perturbations. The
force and force coefficients for the seal are found by integration of the first-order pressure
perturbation along and around the shaft.

ASSUMPTIONS

(1) The fluid is an ideal gas.

(2) Pressure variations within a chamber are small compared to the pressure differences
across a seal strip.

(3) The lowest frequency of acoustic resonance in the cavity is much higher than that
of the rotor speed.

(4) The eccentricity of the rotor is small compared to the radial seal clearance.

(56) Although the shear stress is significant in the determination of the flow parameters
(velocity, etc.), the shear stress forces on the rotor are small when compared to the pressure
forces.

(6) The cavity flow is turbulent and isothermal.

(7) Added mass terms are neglected.

(8) The seal strip is midway between steps.

GOVERNING EQUATIONS

Continuity Equation
The control volumes of figures 2 and 3 have a unit circumferential width. Their continuity
equation is

d(pA) , 1 3(pVA)  Rsiyi, .
ot Rs; 00 + Rs; Mit1 —m; =0 (1)

where the transverse surface area, A, is defined by

A; = (B; + H; + Biy1 + Hiy1)L; /2

Momentum Equations
The momentum equation (2) is derived using figures 4 and 5 which show the pressure
forces and shear stresses acting on the control volume.
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The shear stress model is the same as that used by Childs and Scharrer (1986a). The
differences are in the dimensionless shear stress lengths and the hydraulic diameter. The
dimensionless shear stress length is defined for the teeth-on-rotor labyrinth by

as; =1 ar; = (2B,‘ + L; + d)/(L‘ + d) (3)
and for teeth-on-stator seals by

ar; =1 as; = (ZB,' + L; + d)/(L,' + d) (4)
The hydraulic diameter, Dj; is defined by

Dy = 2(B; + H;)(L; + d)
he = H;+B;+ L; +d

(5)

Reduced Equations
If equation (1) times the circumferential velocity is now subtracted from equation (2), the
following reduced form of the momentum equation is obtained:

aV; | pV;A; OV; .
1t ot RS;‘ EY) + +ms(V: - Vl—l) (6)
A; 0P

—Rs; -éF + resar; Ly — 15a8;L;

The number of variables is reduced by using the ideal gas law to eliminate the density
terms.

pA

P,' = p,'RT (7)

Leakage Equation

The leakage equation (8), flow coefficient, kinetic energy carryover coefficient, and the
choked flow solution algorithm are the same as those used by Childs and Scharrer (1986a).
The kinetic energy carryover coefficient has the added restriction of being unity when the
step height is greater than the clearance.

, P2 - P?

m; = piipoiHi —%—' (8)
Perturbation Analysis

The solution procedure will be summarized here as the details are given in Childs and
Scharrer (1986a). Introduction of the following perturbation variables into the governing
equations yields zeroth and first order continuity and momentum equations.
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.P,'=Po,'+€P1,' H,'=C1’,'+EH1
Vi=Vu+€eVy A; = A, +eL;Hy

where € = ¢,/C'r; is the eccentricity ratio.

Zeroth-Order Solution
The zeroth-order leakage equation is

Rs;y1mip1
Rs,-

and can be solved iteratively to yield zeroth-order cavity pressure values.
The zeroth-order circumferential momentum equation is

= s = g (9)

mo(Rss+1Vm/R31 - Ot—l) = (‘r,.o;a.r; - Tso"a’sl')Li (10)

and is solved using a Newton root finding technique to yield zeroth-order cavity circum-
ferential velocity components.

First-Order Solution

The governing first-order equations (11,12), define the pressure and velocity fluctuations
resulting from the seal clearance function. The continuity and momentum equations follow
in order:

9Py Vi OPy; P, 8Viy
Gii—— 3 Gl;R 29 + GhR wTH + G3; Py;
OHy ., Vo 9Hy
G4iPri—1 + Gsi Priy1 = —GeiHyi — Goi——— — Gy == *
+ G4 Pri—1 + G5 Priy1 61 %o, G» Rs. 00 (11)
OVii X1iVoi OVii Ao 0Py .
Xis 3 Re: 99 + Rs: 0 + Xo:Vie — moViia
+ X3;P1; + X4s Prioy = X5 Hys (12)

where the X’s and G’s are defined in Appendix A. With an assumption of an elliptical shaft
orbit, these equations can be reduced to the following system of linear algebraic equations:

2(B) +2(C) (13)

[Ai-1](Xi-1) + [A)(X0) + [Aip1[(Xit1) =

where

( ) ( si—1 cs 124 a1 I’P— VaT—l’Vc-r-l’ a-i-—l’vc:—l T
(X;) = (P P+ P, P, VY VI VI, V)T

at? FIRE R AT RE. A
: + + - - \T
(Xt+1) ( sit1> ca+1’ u'+1’ c£+1’Vu'+1$Vci+1$ u'+1’Vci+1)

The A matrices and column vectors B and C are given in Childs and Scharrer (1986a). To
use equation (13) for the entire solution, a system matrix can be formed which is block
tridiagonal in the A matrices. The size of this resultant matrix is (8NC X 8NC) since
pressure and velocity perturbations at the inlet and the exit are assumed to be zero. This
system is easily solved by various linear equatlon algorithms, and yields a solution of the
form:
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P; = 2Fo +-Fy
; ; (14)
P} = %F;*c,- + 2R
. a._ b
P; = 2Foi+-F

DETERMINATION OF DYNAMIC COEFFICIENT

The force-motion equations for a labyrinth seal are assumed to be of the form

{5} 15 &S el ®

The solution of equation (15) for the stiffness and damping coefficients is the objective
of the current analysis. The solution procedure used for this analysis is the same one
used by Childs and Scharrer (1986a). The desired solution for the stiffness and damping
coefficients is

NC
K =nRs) (Fi + Foy)Ls
=1
NC
k=mRs) (Fpt; + Fy) Li
=1 (16)

mRs w2
C=- w Z(F;;s""Fu)Li

c= @ S (F + Fa L

=1

RESULTS

The geometry used in the parametric study is given in table 1. The pitch of the teeth,
the step height, the radial clearance, the tooth height and the inlet radius were all kept
constant. The number of teeth were varied between 5 and 15 for the three types of
seals investigated: straight, converging and diverging which are shown in figure 6. The
operating conditions used for the study are given in table 2. The only variable is the inlet
circumferential velocity ratio which was varied between 0.25 and 1.0.
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Table 1. Basic Geometry Studied

Radial Clearance,Cr = 0.127 mm (0.005 in)
Tooth Height,B = 3.175 mm (0.125 in)
Tooth Pitch,L = 2.175 mm (0.125 in)
Seal Radius,Rs = 756 mm (2.979 in)
Tooth Width,tp = 0.152 mm (0.006 in)
Step Height,d = 1.000 mm (0.04 in)
Number of Teeth, NT = 5, 10, 15

Table 2. Operating Conditions

Reservoir Pressure,Pr = 7.0 bar (101.0 pss)

Sump Pressure,Ps = 1.01 bar (14.7 psi)
Shaft Speed,w = 20,000 cpm (rpm)

Temperature,T = 300 K (80deg F)

Inlet Swirl Ratio,V;/Rsw = 0.25, 0.5, 0.75, 1.0

Fluid is air

Leakage

Figures 7 and 8 show leakage versus number of teeth and configuration for teeth-on-rotor
and teeth-on-stator seals, respectively. The figures show that the leakage decreases with
increasing number of teeth for both teeth-on-rotor and teeth-on-stator seals. The figures
also show that the diverging seal yields maximum leakage while the converging seal has
the minimum leakage. This result is expected since the effective area of the diverging seal
is greater than that of the converging or straight seal.

Stiffness

Figures 9 and 10 show direct stiffness versus number of teeth and configuration for an inlet
circumferential velocity ratio of 1.0 for teeth-on-rotor and teeth-on-stator seals, respec-
tively. Figure 9 shows that for converging and straight teeth-on-rotor seals a maximum
stiffness occurs for the 10 tooth seal. For the teeth-on-stator seal, figure 10 shows that
there is an optimum only for the diverging seal. A maximum may occur for geometries
other than those investigated in this study. This phenomenon did not occur for inlet cir-
cumferential velocity ratios of 0.25 or 0.5. Both figures also show that the diverging seal
yielded the largest value of stiffness. This was true for all of the geometries and operating
conditions investigated.

Figures 11 and 12 show cross-coupled stiffness versus configuration and number of teeth for
an inlet circumferential velocity ratio of 1.0 for teeth-on-rotor and teeth-on-stator seals,
respectively. Figure 11 shows that the straight teeth-on-rotor seal yields the maximum
cross-coupled stiffness for both the 10 and 15 tooth seals. This phenomenon did not occur
for the 0.25 inlet circumferential velocity ratio case. Figure 12 shows that the same is
true for the 10 tooth teeth-on-stator seal. This phenomenon did not occur for any inlet
circumferential velocity ratio case other than 1.0. The figures also show that the cross-
coupled stiffness increases as the number of teeth increase.
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Damping

Figures 13 and 14 show direct damping versus configuration and number of teeth for
an inlet circumferential velocity ratio of 1.0 for teeth-on-rotor and teeth-on-stator seals,
respectively. Figure 13 shows that the straight teeth-on-rotor seal yields a maximum value
of damping for the 10 and 15 tooth seals. This did not occur for an inlet circumferential
velocity ratio of 0.25 or 0.5. Figure 14 shows that direct damping is a maximum for the
diverging teeth-on-stator seal and a minimum for the converging seal for the 10 and 15
tooth seals. The opposite is true for the 5 tooth seal. The figures also show that direct
damping increases as the number of teeth increases.

Relative Rotordynamic Stability

The relative stability of the seal configurations investigated will be compared using the
whirl frequency ratio which is a ratio of the destabilizing influence divided by the stabilizing
influence and is defined as

k
wC

When this ratio is greater than 1.0, the seal is a destabilizing influence. The seal with
the lowest value is considered to be the most stable. Figures 15 and 16 show the whirl
frequency ratio versus seal configuration for inlet circumferential velocity ratios of 0.25
and 1.0, respectively. Both figures show that the teeth-on-rotor seal is more stable than
the teeth-on-stator seal for the 5 tooth configuration while the opposite is true for the 15
tooth configuration. The latter result is supported by the test data of Childs and Scharrer
(1986b). The 10 tooth configuration seems to be in a transition region. The figures also
show that except for the 5 tooth seals at inlet swirls of 1.0, the diverging seal configuration
is more stable than the converging and straight configurations. A more complete stability
analysis would show that the converging seal may in some cases be a more unstable seal
due to the large negative direct stiffness values illustrated in figures 9 and 10.

CONCLUSIONS

This paper has presented an analysis for the rotordynamic coefficients of stepped labyrinth
gas seals. The results of this analysis were presented in the form of a parametric study,
since no known experimental data existed. The results of this study support the following
conclusions:

1) The converging stepped labyrinth seal leaks less than either the straight-through

or the divergent seals.
2) The diverging stepped labyrinth seal had a higher value of direct stiffness than either
the straight-through or convergent seals for both the teeth-on-rotor and teeth-on-stator

case.
3) A maximum direct stiffness was obtained for a 10 tooth convergent teeth-on-rotor

seal and a 10 tooth divergent teeth-on-stator seal for inlet circumferential velocity ratios

of 0.75 or larger.
4) Cross-coupled stiffness increases as the number of teeth, and therefore length (in

this study), increase.
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5) Direct damping increases as the number of teeth, and therefore length (in this
study), increase.

6) For most of the cases studied, the diverging seal is more stable, rotordynamically,
than either the straight-through or converging seals for both teeth-on-rotor and teeth-on-
stator seals.

7) For the 5 tooth seals, the teeth-on-rotor seal was more stable, rotordynamically,
than the teeth-on-stator seals. The opposite was true for the 15 tooth seals.

NOMENCLATURE

A Cross-sectional area of control volume (L?); illustrated in figure (3)

B Height of labyrinth seal strip (L); illustrated in figure (1)

C Direct damping coefficient (Ft/L)

Cr Nominal radial clearance (L); illustrated in figure (1)

Dy, Hydraulic diameter of cavity (L); introduced in equation (5)

H Local radial clearance (L)

K Direct stiffness coefficient (F/L)

L Pitch of seal strips (L); illustrated in figure (1)

NT Number of seal strips

NC=NT -1 Number of cavities

P Pressure (F/L?)

R Gas constant (LZ/Tt?)

Rs Radius of control volume (L); illustrated in figure (1)

Rsw Surface velocity of rotor (L/t)

T Temperature (T)

Tp Tooth tip width (L); illustrated in figure (1)

|4 Average circumferential velocity for control volume (L/t);
illustrated in figure (2)

ar,as Dimensionless length upon which shear stress acts; introduced
in equation (3) and (4)

c Cross coupled damping coefficient (Ft/L); in equation (16)

d Step height (L), illustrated in figure 1

€o Displacement of the seal rotor from centered position (L)

k Cross coupled stiffness coefficient (F/L); in equation (16)

m Leakage mass flow rate per circumferential length (M/Lt)

mr,nr,ms,ns Coefficients for friction factor

t Time (t)

w Shaft angular velocity (1/t)

p Density of fluid (M/L3)

v Kinematic viscosity (L?/t)

€ = ¢,/Cr Eccentricity ratio

~ Ratio of specific heats
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Subscripts

Zeroth-order component
First-order component
i-th chamber value
X-direction

Y-direction

Reservoir value

Sump value

@ T R =0

APPENDIX A: DEFINITION OF FIRST-ORDER COEFFICIENTS

Ay _ PyL;
Gi=gr C2= g7
. . =1
Go = oo Thoprit1 (Y — 1) (5 — 481541 Poi \ " Rsiyy
3T PZ_ -PZ 7Y Poig1 B Poigr Rs;
mop1i(7 — 1) 1o Po; moPoi  Rsiq1
+ —————(5-451;)(S1: + 1) +
7Py P%Z-P% , P%Z-P%,, Rs
=1
—oPoiy Mol1i ('7 - 1) Po—1\ "
Gy = — 5—48;) | —
‘TP2_ P2 TP ( 1) ( Po:
_ ~oPoip1 R8iyi mo#1i+1(’7 - 1) Rs;y
Gy = PZ P2, Re; 7rPoi et (5 — 4S1i41)(S1i41 + 1) s,
. Cr,- - CT,'_I
G = Mo Cr;Cri-1
PyA,
Xi= %7
Mo(Voi = Voim1)Poi = mMo(Voi — Vor- -1
Xs=- (Pozs'—l —mP,l‘l’;) » 7 7r'711’,,,-1)(’7 )“1£(451f —5)(Si; +1)
_ rpsar; Li(1 + mr) + 7si(1 + ms) L;as;
P, Py
tro(Voi — Voiz1)P. Mo (Vi — Voie1) (7 = 1) Pii\ 7
x, = MolVoi = Voi1)Poi-1 _ Mo(Voi = Voi-1)(7 — (454 — i~ 1
! P%_, - P% Y Po; H1s(451 —5) P;
. Tea8;Li(2 + ms)  7rar;Li(2 + mr)
Xo =m,
2 = Mo+ Voi (Rs;w — V)
X: = —rho(Vo,' - Voi—l) _ Tasa8; Lims Dy " Tria?; Limr Dy
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APPENDIX B: SEPARATION OF GOVERNING EQUATIONS
Continuity:

Vo.' Poi
cos(0 + wt) :G1 P} (w + E) + Glﬁs—;v‘? + GsPY + G4PE_,

(a —b)

+ G5Pct+1 Ge

2
sin(0 + wt) : — G P ( —i) —V+ +Gs P} + Gy P}

R
G2
+G5Pu+1—-_2_( +w>( —0,)

cos(0 — wt) : — G1 P (—- T +GsP; +GyPy_,y

+GsPy = Ge

2
sin(a - wt) -Gy P (w ) ES—V_ +GsP,; + G4P,;_,

Voi
+G5 u+1 2 (w Rs )( +b)

Momentum:

Voi Ay .
cos(0 + wt) : X, V,} (Rs_ + w) + KP;E + XoVE — VI + X PY

+ X P = Xs (b—a)

2
Voi Ay
sz’n(0 + wt) o X],V‘: (72-8— + w) —_ —R—S-P;- + XQV,T moV,'f_l + X3P+

+X4P+ =0

- Vm Aot - - . - -
008(0 - wt) XiV,; (ES—, - w) + E:P“- + XoV5 — meV_ + Xs P

- +b
+X4P5_; = —Xs(az )

_ _ Voi Aoi -
sin(0 — wt) : X,V (w — Esj) Ts ‘P + XoV; — oV + XsPy
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DEFINITION OF MATRIX ELEMENTS

A;—; MATRIX

Ay = Az =A3s=As3 =Gy
Aso = Ag1 = A7,4 = Ag3 = Xy
Ase = Ags = Ar3 = Ag7 = —m,

The remaining elements are zero.

A; MATRIX
Voi
A =—Az2 =Gy (w + R_s,>
Vo,
Assa=—-A44=G z
3,8 4,4 1 <Rs,~ w)

Ajo=A) =A34=A43=Gs
Aso = As1 =A74=A33= X3

Ay
As 1 = —Ag2=A73 =—Agq = Ro:
83
P,
Ays=—Age=A37=—Ass = GI_R
8;
Voi
As 5 =—Ase = X1 (w + —)
RS,‘
Voi
Azq7=-Ags=Xi (—w + —')
Rs,-

Ase = Ags = A7 = Ag7 = X2
The remaining elements are zero.
Airi MATRIX
A2 =Az1=A34=As45=Gs

The remaining elements are zero.

B and C Column Vectors

( Gs 3 ( -gn
2
=5 (5 +w) ¢ (B +o)
€73 Ca
2 2
G Vv G V.
B= { F(-k) p o= (F(-#)
=Xz Xs
2 2
0 0
=Xz Xz
2 2
\ 0 ) L 0
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Figure 1. A Typical Stepped Labyrinth Seal.
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Figure 7. Leakage versus number of teeth and seal configuration for a
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seal.
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Figure 8. Leakage versus number of teeth and seal configuration for a
teeth-on-stator seal.
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Figure 9. Direct Stiffness versus number of teeth and seal configuration
for a teeth-on-rotor seal. Inlet circumferential velocity ratio is 1.0.
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Figure 10. Direct Stiffness versus number of teeth and seal configuration
for a teeth-on-stator seal. Inlet circumferential velocity ratio is 1.0.
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Figure 13. Direct damping versus seal configuration and number of teeth
for a teeth-on-rotor seal. Inlet circumferential velocity ratio is 1.0.
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Figure 14. Direct damping versus seal configuration and number of teeth
for a teeth-on-rotor seal. Inlet circumferential velocity ratio is 1.0.
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Figure 15. Whirl frequency ratio versus seal configuration for an inlet
circumferential velocity ratio of 0.25.
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Figure 16. Whirl frequency ratio versus seal configuration for an inlet
circumferential velocity ratio of 1.0.
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